Over a commutative noetherian ring, we introduce a generalization of Gorenstein projective and injective modules, which we call, respectively, n-Gorenstein projective and injective modules. These last two classes of modules give us a new characterization of Gorenstein rings in terms of top local cohomology modules of flat modules. We also utilize the n-Gorenstein injective dimension to study an open question of Takahashi. Furthermore, we prove that a nonzero finite module with finite n-Gorenstein projective dimension satisfies the Auslander-Bridger formula.
Introduction
Throughout this paper, R is a commutative noetherian ring with identity element, and all R-modules are unital. Also, for any R-module M , Z(M ) denotes the set of all zerodivisors of M .
When R is two-sided and noetherian, Auslander and Bridger [1] introduced the Gdimension for finitely generated modules. Several decades later, over a general ring R, Enochs and Jenda in [7] extended this homological dimension to Gorenstein projective dimension for arbitrary (non-finite) modules. Dually, they defined in [7] the Gorenstein injective dimension. The Gorenstein projective, injective dimension of a module is defined in terms of resolutions by Gorenstein projective, injective modules, respectively. Those modules are constructed from some special acyclic complexes. A complex of R-modules A = · · · → Ai+1 → Ai → Ai−1 → Ai−2 → · · · is acyclic if H(A)= 0.
Definition.
(1) An R-module M is said to be Gorenstein projective, if there exists an acyclic complex of projective modules P = · · · → P1 → P0 → P−1 → P−2 → · · · such that M ∼ = Im(P0 → P−1) and such that the complex HomR(P,Q) is acyclic whenever Q is projective.
(2) An R-module M is said to be Gorenstein injective, if there exists an acyclic complex of injective modules I = · · · → I1 → I0 → I−1 → I−2 → · · · such that M ∼ = Im(I0 → I−1) and such that the complex HomR(E,I) is acyclic whenever E is injective.
Inspired by the definitions of Gorenstein projective/injective modules and sesquiacyclic complexes in [13] , the main idea of this paper is to introduce and study two new classes of modules called n-Gorenstein projective/injective modules and related homological dimensions.
The structure of the paper is summarized below. Section 2 is devoted to introducing the concept of n-Gorenstein projective (resp., injective) modules. We will find some useful properties of these classes of modules. Section 3 discusses the n-Gorenstein projective (resp., injective) dimension. We prove that a module of finite n-Gorenstein projective dimension can be approximated by a module, for which the corresponding classical homological dimension is finite. Section 4 consists of three applications. Theorem 4.2 states that if a local ring R admits a nonzero finitely generated R-module M with n-GidRM finite and dimRM = dimR, then R is Cohen-Macaulay. This result in fact gives a partial answer to the following question of Takahashi: Is a local ring Cohen-Macaulay if it admits a nonzero finitely generated module of finite Gorenstein injective dimension? Theorem 4.3 can be regarded as the following expansion of a result of Yoshizawa (see [18, Let X be a class of R-modules and M an R-module. Following [10] , a left X-resolution of M is an exact sequence of R-modules in X of the form X = · · · → Xn → Xn−1 → · · · → X0 → M → 0. Now let X be any left X-resolution of M . We say that X is proper if the sequence HomR(Y, X) is exact for all Y ∈ X. The X-projective dimension of M is defined as X-pdR(M ) = inf{sup{n 0 | Xn = 0} | X is an X-resolution of M }. The right Xresolution, co-proper right X-resolution and X-injective dimension are defined dually. We write P(R), I(R) for the classes of projective, injective R-modules, respectively. Following established conventions, we use abbreviations (pd, id) for the homological dimensions (P(R)-pd, I(R)-id). For each positive integer n, we denote X ⊥n := {M | Ext i R (X, M ) = 0 for any X ∈ X and 1 ≤ i ≤ n}. Dually, we have the class ⊥n X.
n-Gorenstein projective and injective modules
We begin with the following 2.1. Definition.
(1) Suppose that n is a positive integer, an R-module M is said to be n-Gorenstein projective, if there exists an acyclic complex of projective modules P = · · · → P1 → P0 → P−1 → P−2 → · · · such that M ∼ = Im(P0 → P−1) and such that for any projective module Q the complex HomR(P, Q) = · · · → P * 1 → P * 0 → P * −1 → P * −2 → · · · is exact at P * i for all i ≥ −n, where P * i = HomR(P−i, Q). The class of n-Gorenstein projective modules is denoted by n-GP(R).
(2) Suppose that n is a positive integer, an R-module M is said to be n-Gorenstein injective, if there exists an acyclic complex of injective modules I = · · · → I1 → I0 → I−1 → I−2 → · · · such that M ∼ = Im(I0 → I−1) and such that for any injective module Almost by the definitions we have that Gorenstein projective (resp., injective) modules are n-Gorenstein projective (resp., injective) modules. However, there are n-Gorenstein projective (resp., injective) modules which are not Gorenstein projective (resp., injective)(see Example 2.4 below).
Proposition.
Suppose that M is an R-module, and m, n are positive integers such that m < n, then the following statements hold.
(1) M is n-Gorenstein projective if and only if M belongs to the class ⊥n P(R), and admits a co-proper right P(R)-resolution.
(2) n-Gorenstein projective modules are m-Gorenstein projective modules.
Proof.
(1). Since every module has a left P(R)-resolution, the statement is clear from the definition of n-Gorenstein projective modules.
(2) follows immediately from (1) . (3) is true by [10, Proposition 2.3] . (4) . Also by the definition of n-Gorenstein projective modules.
Next we discuss some connections between n-Gorenstein projective modules and nGorenstein injective modules.
2.3. Proposition. Let M and E be R-modules. Then the following statements hold.
(1) If M is a finitely generated n-Gorenstein projective module and E is injective, then HomR(M, E) is n-Gorenstein injective. (2) If R is a complete local ring with the residue field k, M is an artinian nGorenstein injective module, then
(1). Since M is n-Gorenstein projective and finitely generated, there exists an exact sequence 0 → M → P−1 → L → 0 such that P−1 is a finitely generated projective module and such that the exact sequence remains exact after applying HomR(−, P(R)) to it. Hence we obtain that Ext 1 R (L, Q) = 0 for all projective modules Q. Since M is n-Gorenstein projective, there also exists an exact sequence 0 → M → P → G → 0 with P ∈ P(R), G ∈ n-GP(R). Consider the following pushout diagram.
So L is n-Gorenstein projective by Proposition 2.6 and Corollary 2.7 below. Continuing in this way gives a co-proper right P(R)-resolution P = 0 → M → P−1 → P−2 → · · · with each term finitely generated. Because R is commutative, for each injective R-module I, HomR(I, HomR(P, E)) ∼ = HomR(I⊗RP, E) ∼ = HomR(P, HomR(I, E)). 
is n-Gorenstein injective by a dual statement of Proposition 2.2(1) and [9, Lemma 3.1.6].
(2) is proved in a fashion similar to [6, Theorem 4.8] . (3) is easy by the definition of n-Gorenstein projective modules.
Example.
Let R be the local artinian ring in [14] , there exists a family {Ms} s≥1 of reflexive modules such that
Then the following statements hold for any s > 1.
Proof. (a) is easy since the reflexive module Ms satisfies conditions (1) and (2) .
(b). Since Ms is (s-1)-Gorenstein projective by (a), it is deduced from Proposition 2.3(1) that HomR(Ms, E(k)) is (s-1)-Gorenstein injective. Now suppose that HomR(Ms, E(k)) is s-Gorenstein injective. Indeed, since artinian local rings are complete and Ms ∼ = HomR(HomR(Ms, E(k)), E(k)), the Matlis duality between noetherian modules and artinian modules implies that Ms must be s-Gorenstein projective. It is impossible. So HomR(Ms, E(k)) is not s-Gorenstein injective for s > 1.
2.5. Remark. From the construction of Ms (see [14] ), we know that there is an exact sequence 0 → Ms → R 2 → Ms+1 → 0 such that Ms+1 is s-Gorenstein projective, Ms is (s-1)-Gorenstein projective but not s-Gorenstein projective. This implies that n-GP(R) is not closed under kernels of epimorphisms. Hence n-GP(R) is not a projectively resolving class (see [10, 1.1] ).
The next proposition provides ways to create n-Gorenstein projective modules. Although n-GP(R) is not projectively resolving, we may show that the class of nGorenstein projective modules is closed under direct summands without using Eilenberg's technique (see [10, Proposition 1.4] ). This technique is applied by Holm in [10, Theorem 2.5] to show that the class of Gorenstein projective modules is closed under direct summands.
2.7. Corollary. n-GP(R) is closed under direct summands.
Proof. Let G be an n-Gorenstein projective module and H be a direct summand of G. Since G ∈ ⊥n P(R), H ∈ ⊥n P(R). By [12, Theorem 4.6(1)], one sees that H has a co-proper right P(R)-resolution. Now Proposition 2.2(1) gives the result.
n-Gorenstein projective and injective dimensions
In this section, we turn to studying n-Gorenstein projective and injective dimensions. For an R-module M , we use n-GpdRM (resp., n-GidRM ) to denote the n-Gorenstein projective (resp., injective) dimension of M . Holm in [10, Theorem 2.10] showed that an R-module M with Gorenstein projective dimension n admits such an exact sequence 0 → K → G → M → 0 with G Gorenstein projective and pdRK = n − 1. The proof of this result depends on the fact that for an R-module M with Gorenstein projective dimension n every projective resolution of M has its nth syzygy Gorenstein projective. However we don't know weather the same fact is true for modules with finite n-Gorenstein projective dimension. But by showing in a different way we still have the following result which is similar to that of Holm.
3.1. Proposition. Let M be an R-module with finite n-Gorenstein projective dimension m. Then there exists an exact sequence 0 → K → G → M → 0, where G is n-Gorenstein projective and pdRK = m − 1.
Proof. If m = 0, our claim clearly holds. If m = 1, we have an exact sequence 0 → G1 → G0 → M → 0 with G0, G1 ∈ n-GP(R). Since G1 is n-Gorenstein projective, there also exists an exact sequence 0 → G1 → P → G → 0 with P ∈ P(R), G ∈ n-GP(R). Consider the following pushout diagram.
According to Proposition 2.6, G is n-Gorenstein projective. Therefore 0 → P → G → M → 0 is the desired sequence. Now suppose m > 1. We will use induction to show this statement. Since n-GpdRM = m, we have such an exact sequence 0 → K → G0 → M → 0 with G0 ∈ n-GP(R) and n-GpdF K = m−1. Hence there exists an exact sequence 0 → K1 → G1 → K → 0 with pdF K1 = m − 2 and G1 ∈ n-GP(R) by induction. Observe that G1 is n-Gorenstein projective, there is an exact sequence 0 → G1 → P → G2 → 0 with P ∈ P(R), G2 ∈ n-GP(R). Similarly, consider the following pushout diagram.
A complement to Proposition 2.6 is given below. 3.3. Corollary. Let M be an R-module, then:
Using Propositions 2.2 and 3.1, we get the following result which is analogous to [5, Lemma 2.17].
3.4. Proposition. Let M be an R-module with n-GpdRM < ∞. There is an exact sequence 0 → M → H → A → 0, where A is n-Gorenstein projective and pdRH = n-GpdRM .
Applications
For an R-module M , the ith local cohomology module of M with respect to an ideal I is defined as H . Hence dimRM n-GidRM follows. Also by a dual argument of Proposition 3.4, the finiteness of n-Gorenstein injective dimension of M means that there is an R-module L such that idRL = n-GidRM . (1) R is Gorenstein. 
Now it is natural to ask what can we say about R when the top local cohomology module has finite n-Gorenstein injective dimension? 4.4. Corollary. The following statements are equivalent for a commutative artinian local ring R.
(1) R is quasi-Frobenius. (1) ⇒ (4). Because all n-Gorenstein projective modules are Gorenstein projective over Gorenstein rings, it is a consequence of [8, Exercise 10.3.5] .
(4) ⇒ (1). Since all modules are n-Gorenstein projective, all injective modules are also n-Gorenstein projective. Thus every injective module can be embedded into a projective module. So every injective module is projective. It means that R is quasi-Frobenius.
(1) ⇔ (3) can be shown dually.
Finally we aim at investigating some applications of n-Gorenstein projective dimensions among the category of all finitely generated R-modules. For convenience, all modules appeared below are finitely generated.
4.5. Lemma. Let M be an R-module, and let x be an M -and R-regular element. If M is n-Gorenstein projective, then M/xM is n-Gorenstein projective R/(x)-module. Proof. Case 1: depthR=0. Since pdRN < ∞, we infer by the Auslander-Buchsbaum formula that N is projective and depthRN = 0, and hence M is n-Gorenstein projective. Now assume that depthRM ≥ 1, so there is a regular element x of M . Note that M is n-Gorenstein projective. Applying HomR(−, R) to the exact sequence 0 → M Because M is a submodule of N , depthRM = 0 implies that depthRN = 0. So we may assume that depthRM ≥ 1. Since depthR ≥ 1, there must be an element x ∈ R\Z(M )∪Z(R). Moreover x is H-regular element as H can be embedded into a free module. By Lemma 4.5 and [4, Lemma 1.3.4(a)], tensoring the exact sequence 0 → M → N → H → 0 gives an exact sequence 0 →M →N →H → 0 such thatH is n-Gorenstein projective and n-GpdRM ≤ n-GpdRM . Note that pdR(N ) = pdRN . We have that n-GpdRM ≤ pdR(N ). Hence, as depthR = depthR −1, we obtain, by induction on depthR, depthRM = depthRN . Therefore depthRM = depthRN . 4.7. Theorem. If R is a local ring, M is a nonzero R-module with n-GpdRM finite. Then n-GpdRM +depthRM = depthR.
Proof. There exists an exact sequence 0 → M → H → A → 0 with n-GpdRM = pdRH and A n-Gorenstein projective by Proposition 3.4. Then by Proposition 4.6 we have that depthRM = depthRH. But we know from the Auslander-Buchsbaum formula that pdRH+depthRH = depthR. Hence we get the result.
We end this section with the following corollary.
4.8. Corollary. If R is a Gorenstein local ring and M is a nonzero R-module. Then GpdRM = n-GpdRM .
Proof. Since R is Gorenstein, GpdRM < ∞ by [8, Theorem 12.3 .1]. Furthermore we have GpdRM = depthR − depthRM by [4, Theorem 1.4.8] . But n-GpdRM < GpdRM , it now follows from Theorem 4.7 that n-GpdRM = depthR − depthRM . Hence the result is true.
